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A b s t r a c t  
An a n a l y t i c a l  method has been developed t o  ensure c l o s u r e  of t h e  
cub ic  fo rm o f  t he  tensor  polynomial  s t r e n g t h  c r i t e r i o n .  The i n t r i n s i c  
complex i ty  of the cub ic  f u n c t i o n  i s  such t h a t  s p e c i a l  c o n d i t i o n s  must 
be met t o  c l o s e  t h e  f a i l u r e  surface i n  three-dimensional  s t r e s s  space. 
These requirements a r e  d e r i v e d  i n  terms o f  n o n - i n t e r s e c t i n g  c o n d i t i o n s  
f o r  asymptotes and an asympto t ic  plane. To demonstrate the  v a l i d i t y  
o f  t h i s  approach, c losed f a i l u r e  su r faces  were de r i ved  f o r  two g r a p h i t e /  
epoxy m a t e r i a l  systems (3M SP288-T300 and IM7 8551-7) .  The agreement o f  t e s t  
data w i t h  t h i s  model c l e a r l y  shows t h a t  i t  i s  p o s s i b l e  t o  use a h i g h e r  
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5 2  
Nomenclature 
St rength tensors 
Quadra t i c  i n t e r a c t i o n  s t r e n g t h  parameter 
F l 1 2 ,  F , , , ,  F166 ,  F266 
s ,  S '  P o s i t i v e  and negat ive  shear s t rengths  measured i n  
Cubic i n t e r a c t i o n  s t r e n g t h  parameters 
the 1-2 plane 
x, X '  Tens i l e  and compressive s t rengths  measured along t h e  
f i b e r  (1) ax i s ,  r e s p e c t i v e l y  
Y, Y '  T e n s i l e  and compressive s t rengths  measured i n  t h e  
d i r e c t i o n  orthogonal  t o  f i b e r s  ( 2 )  
41' 4 2  Normal plane s t resses  a long t h e  1 and 2 axes, 
respect  i vel y 






















Wi th the  advent o f  composite ma te r ia l  p r imary  s t r u c t u r a l  components i n  
advanced h i g h  performance a i r c r a f t  and he1 i c o p t e r s  , the need f o r  proven 
p r e d i c t i v e  fo rmu la t i ons  t o  q u a n t i f y  t he  s t r e n g t h  o f  laminates  i s  o f  
paramount concern. I n  aerospace cons t ruc t i on ,  one u s u a l l y  encounters 
r e l a t i v e l y  t h i n - w a l l e d  s t r u c t u r e s  and thus, t o  a f i r s t  approximation, a 
plane s t r e s s  s t a t e  can be assumed t o  e x i s t  f o r  p r e l i m i n a r y  design purposes. 
However, i t  i s  becoming i n c r e a s i n g l y  ev iden t  t h a t  i n  many instances,  
three-d imensional  s t r e s s  e f fec ts  must be considered, p a r t i c u l a r l y  i n  the  
v i c i n i t y  o f  f ree  edges (associated w i t h  j o i n t s ,  cu tou ts  , fasteners, etc.) . 
Indeed, such e f f e c t s  can lead  t o  de laminat ion  and/or c rack  i n i t i a t i o n  which 
a re  of ma jor  i n t e r e s t  t o  the  analyst .  Regardless o f  t h e  s t ress  s ta te ,  the  
requi rements f o r  lamina and o v e r a l l  s t r u c t u r a l  f a i l u r e  c r i t e r i a  s t i l l  
p e r s i s t .  The most d e s i r a b l e  f a i l u r e  model i s  one which can prov ide  
conserva t i ve  maximum load est imates o f  re1 i a b l e  accuracy. However, t he  
model must n o t  be so conserva t ive  t h a t  it jeopard izes  t h e  des ign i t s e l f  i n  
terms o f  i n c r e a s i n g  the  weight  needlessly. On t he  o t h e r  hand, i t  should be 
r e l a t i v e l y  o p e r a t i o n a l l y  easy t o  employ, and no t  be dependent on t he  
development o f  such an e x t e n s i v e  d a t a  base using complex and expensive t e s t  
procedures t h a t  t he  user shuns I t s  app l i ca t i on .  One might  comment t h a t  the  
presence o f  l o c a l  s t r e s s  concent ra t ions  (due t o  cracks, f r e e  edges, holes, 
etc.) does no t  i n f l u e n c e  the  form of a lamina s t r e n g t h  c r i t e r i o n .  Rather, 
such cons ide ra t i ons  can be taken i n t o  account i n  the  f o r m u l a t i o n  o f  the  
s t r e s s  a n a l y s i s  and the  f a i l u r e  c r i t e r i o n  one adopts f o r  t h e  whole laminate. 
For example, i f  one i s  performing a f i n i t e  element ana lys i s ,  i n c l u d i n g  
three-d imensional  s t r e s s  terms, f a i l u r e  i s  determined no t  o n l y  by t h e  lamina 






















Lamina f a i l u r e  models can essent 
o f  inc reas ing  opera t i ona l  complexity. 
a l l y  be grouped i n t o  th ree  ca tegor ies  
The s imp les t  approach i s  t o  design t o  
maximum s t r e s s  o r  s t r a i n  ( w h i c h  a r e  n o t  e q u i v a l e n t  c r i t e r i a ) .  
Un fo r tuna te l y ,  these models lead t o  subs tan t i a l  "over-est imates"  o f  s t reng th  
i n  the "corner"  reg ions  o f  the  f a i l u r e  sur face envelope. The nex t  c lass  of 
models a re  those which approximate the  f a i l u r e  su r face  by quadra t ic  
po lynomia ls  of d i f f e r e n t  forms. Many v a r i a t i o n s  o f  quadra t i c  models can be 
found i n  the  l i t e r a t u r e ,  i n c l u d i n g  ones which d e f i n e  the  sur face  us ing  
d i f f e r e n t  f unc t i ons  f o r  each quadrant. Again, i t  has been demonstrated 
t h a t ,  fo r  c e r t a i n  l o a d  cases, quadra t ic  f o rmu la t i ons  can overest imate 
s t r e n g t h  as w e l l  (Ref. 1). I n  some instances,  such as b i a x i a l  load ing ,  t h e  
quadra t i c  c r i t e r i o n  can under -pred ic t  s t r e n g t h  by as much as 30%-40% 
(Ref. 2) .  The t h i r d  category o f  f a i l u r e  c r i t e r i a  i s  termed "h igher  o rder  
models", t he  most common one o f  which i s  the  "cubic"  polynomial (Refs. 1, 
2, 3 ) .  It should be noted t h a t  a l l  o f  the  above mentioned fo rmula t ions  
represent  approx imat ions encompassed by t h e  general ' tensor  polynomial " 
c r i t e r i o n  advocated i n  Ref. 3. The one f e a t u r e  t h a t  i s  common t o  a l l  o f  
these lamina f a i l u r e  models i s  t h a t  they  represent  a phenomenological , 
macro-mechanics approach t o  p r e d i c t i n g  lamina f a i l u r e .  They a l l  attempt t o  
desc r ibe  the rea l  f a i l u r e  sur face  I n  s t ress  ( o r  s t r a i n )  space. f a b l e  1 
presents  a summary of  the t e s t  data and i n t e r a c t i o n  s t r e n g t h  parameters t h a t  
one would r e q u i r e  f o r  each c l a s s i f i c a t i o n  o f  f a i l u r e  model. It becomes 
q u i t e  apparent t h a t  t he  h ighe r  o rder  cub ic  model demands more base l i ne  
s t r e n g t h  data. Th is  of course r a i s e s  the  ques t ion  as t o  whether o r  no t  t h e  
a d d i t i o n a l  complex i ty  (and c o s t )  i s  warranted. As noted e a r l i e r ,  t he re  do 
e x i s t  reg ions  of t he  f a i l u r e  surface ( f o r  a p lane s t r e s s  s t a t e )  where indeed 
such a c r i t e r i o n  i s  requi red.  However, i t  should a l s o  be no ted  t h a t  recen t  
work has shown t h a t  fo r  laminates fabr ica ted  from or thogonal  woven f a b r i c  
4 
prepreg m a t e r i a l s ,  a quadra t ic  model p rov ides  q u i t e  accurate s t reng th  
p r e d i c t i o n s  even under b i a x i a l  s t ress  s t a t e s  (Refs. 4, 5 ) .  One of the main 
d i f f i c u l t i e s  encountered when a t tempt ing  t o  'model' the f a i l u r e  surface w i t h  
a s i n g l e  cubic  polynomial rep resen ta t i on  i s  due t o  the  mathematical nature 
o f  the cubic  equation. I t  has been found i n  prev ious work t h a t  the f a i l u r e  
su r face  i n  s t r e s s  space ( a l ,  u2, u6) i s  no t  n e c e s s a r i l y  c losed and hence 
s i t u a t i o n s  can occur where ' i n f i n i t e '  s t reng ths  are  pred ic ted .  Fo r  example, 
t h i s  was o b s e r v e d  i n  e a r l i e r  w o r k  ( R e f s .  6 ,  7 )  i n  t h e  
compression-compression quadrant where exper imenta l  data were no t  a v a i l a b l e  
t o  a s s i s t  i n  the  eva lua t i on  o f  t he  s t r e n g t h  c o e f f i c i e n t s .  
To overcome t h i s  problem o f  'openness' o f  t he  f a i l u r e  sur face,  a new 
approach was taken w i t h  a view t o  e s t a b l i s h i n g  the  necessary c r i t e r i a  t o  
ensure ' l o c a l '  c l osu re  of  the cubic  polynomial.  I t  i s  w e l l  known t h a t  some 
cub ic  curves, such as the  'Fol ium o f  Descartes' (i.e., x3  + y3  - 3axy = O), 
possess a l o c a l l y  c losed region. I t  i s  shown i n  the  f o l l o w i n g  r e p o r t  t h a t  
indeed the  cub ic  form o f  t he  tensor  po lynomia l  f a i l u r e  su r face  can be c losed 
p r o v i d i n g  one s a t i s f i e s  c e r t a i n  c r i t e r i a  assoc ia ted  w i t h  asymptotes o f  t he  
image o f  t h i s  func t ion .  Such c losu re  c o n d i t i o n s  are  presented and the  model 
i s  s u c c e s s f u l l y  app l i ed  t o  two d i f f e r e n t  composite m a t e r i a l  systems. 
2. ANALYTICAL MODEL 
The most general f a i l u r e  c r i t e r i o n  a v a i l a b l e  f o r  unflawed composite 
m a t e r i a l s  i s  the  tensor  polynomial which was advocated as e a r l y  as 1966 by 
Malmeis ter  (Ref. 8) and developed e x t e n s i v e l y  by Tsai  and Wu (Ref. 3 )  i n  
quadra t i c  and h lgher  o rde r  forms. The f a i l u r e  su r face  i n  s t r e s s  space can 





















< 1 no f a i l u r e  
F U. t F u u t Fijkuiujuk + ... = f (a )  = 1 f a i l u r e  (1) 
i i  i j i j  > 1 exceeded f a i l u r e  
f o r  i, j, k = 1...6. 
and 6 t h  rank, respec t i ve l y .  
Plane S t ress  S t a t e  
Fi, F and F i j k  a re  s t r e n g t h  tensors o f  the 2nd, 4 t h  
0 i j  
I f  one r e s t r i c t s  the ana lys i s  t o  a plane s t ress  s t a t e  and cons iders  
o n l y  a cub ic  fo rmu la t i on  as being a reasonable representa t ion  o f  the f a i l u r e  
surface, then Eq. (1) can be reduced t o  
From the  a n a l y s i s  by Wu (Ref. 9 ) .  i t  was shown t h a t  the p r i n c i p a l  s t r e n g t h  
t e n s o r  c o m p o n e n t s  ( F i  a n d  Fii) c a n  be  r e a d i l y  c a l c u l a t e d  f r o m  t h e  
exper imen ta l l y  determined va lues o f  t he  u n i a x i a l  t e n s i l e  and compressive 
f a i l u r e  s t resses  i n  the f i b e r  d i r e c t i o n  ( X  and X I ) ,  perpend icu la r  t o  t h e  
f i b e r s  ( Y  and Y ' )  and from p o s i t i v e  and negat ive  pure shear f a i l u r e  s t resses  
( S  and S I ,  respec t i ve l y ) .  The approp r ia te  r e l a t i o n s  are g iven by: 
( 3 )  
1 1 1 
F66 * - 
S2 
F l l  = xx( F22 = 
where f o r  the  m a t e r i a l s  considered, S * S'. 
The problem t h a t  one i s  con f ron ted  w i t h  i s  the eva lua t i on  o f  t h e  





















' l o c a l l y  c losed '  f a i l u r e  surface. Th is  can be accomplished i n  two stages. 
F i r s t ,  l e t  us r e - w r i t e  Eq. ( 2 )  i n  the  form, 
+ 3 F 1 2 2 ~ 1 ~ 2 ~  - 1)
F66 ' 3F166ul ' 3F266u2 us2 = ( 4 )  
It i s  now poss ib le  t o  fonnu la te  the cond i t i ons  f o r  c losu re :  
(a )  ensure t h a t  the cubic  curve desc r ib ing  the  i n t e r s e c t i n g  
ul-a2 plane i s  closed. 
(b )  f o r  g iven values o f  u1 , u2, r e a l  values f o r  46 must e x i s t ;  
thus the asymptot ic  plane de f ined by  
F66 ' 3F16641 ' 3F26662 = 0 
cannot i n t e r s e c t  t he  cub ic  curve i n  (a). 
C o n d i t i o n  (a )  
To s a t i s f y  c o n d i t i o n  (a), one must examine the  c ross ing  o f  t h e  f a i l u r e  
sur face on the  u1-u2 plane, which occurs when 46 = 0. 
equat ion  
Th is  y i e l d s  the  cub ic  
No t ing  t h a t  the  p r i n c i p a l  s t r e n g t h  parameters a re  g iven by Eq. ( 3 ) ,  i t  i s  
necessary a t  t h i s  p o i n t  t o  s e t  up c r i t e r i a  t h a t  must be s a t i s f i e d  by t h e  
i n t e r a c t i o n  terms F12 ,  Fl12 and F12,. These can be cons t ruc ted  by examining 





















the  equat ion  as a quadra t i c  i n  e i t h e r  a1 o r  u2. The corresponding 
asymptotes are  g iven by, 
Closure o f  t he  curve ( 5 )  r e s u l t s  i f  none o f  the  asymptotes (Eq. ( 6 ) )  passes 
through the  de f ined reg ion .  Hence the f o l l o w i n g  cond i t i ons  (der ived  from 
Eq. ( 5 ) )  a re  necessary t o  ensure c losu re :  
Y ( i f  Fl12 < 0) F l l  < - Y '  ( i f  Fl12 > 0) or - -  F l l  -3F,,, 3 F 1 1 2  
( 7 )  
T - < - X I  ( i f  - < 0)  
F 1 1 2  F 1 1 2  
o r  7 ' > x  ( i f L > O )  
F 1 1 2  F 1 1 2  
T or - > Y  ( i f - > o )  
F 1 2 2  F 1 2 2  
where 
2 2 
F l l F I 2 2  + F 2 2 F 1 1 2  - 2 F 1 2 F 1 1 2 F 1 2 2  
T =  
3F 11 2 F  1 2 2  
Eva lua t i on  o f  F12, Fl12, F12, 
Suppose one performs a s e t  of 'no b i a x i a l  l oad  t e s t s  ( i . e m B  with 





















t h e  u n i a x i a l  t e s t s  requ i red  t o  evaluate the p r i n c i p a l  s t r e n g t h  parameters i n  
Eq. ( 3 )  are  excluded. Using these data i t  i s  poss ib le  t o  eva lua te  F12, Fl12 
and F,,, by a leas t -squares  f i t  o f  the cubic Eq. ( 5 ) .  Th i s  s imple approach 
i s  o f t e n  s u f f i c i e n t  t o  produce a closed curve i n  u1-u2 space ( thus  
s a t i s f y i n g  t h e  c r i t e r i a  o f  Eq. (7)), as w i l l  be demonstrated l a t e r .  
If c l o s u r e  does no t  occur, then removal o f  one o r  more o f  t he  
asymptotes from i n t e r s e c t i n g  the f a i l u r e  plane i s  requi red.  To demonstrate 
how t h i s  can be done, l e t  us consider  the f o l l o w i n g  example. Suppose the  
f o l l o w i n g  asymptote 
penet ra tes  t h e  cub ic  curve (Eq. ( 5 ) )  between ( - X I ,  0, 0) and the  o r i g i n .  
C l e a r l y ,  by s h i f t i n g  i t  t o  the l e f t  o f  the l i n e  u1 + X '  = 0 w i l l  l ead  t o  
c losure .  I n  t h e  l i m i t i n g  case when the  asymptote i s  a l lowed t o  pass through 
( - X I ,  0, 0), i t  then becomes a p a r t  o f  the f a i l w e c u r v e .  The cub ic  curve 
thus  degenerates i n t o  a quadra t ic  curve and a s t r a i g h t  l i n e .  
S u b s t i t u t i n g  u1 = - X '  i n t o  Eq. (5 )  g ives 
(-3F12,X' + F 2 2 ) ~ 2 2  + (3F112X'2 - 2F12X' + F 2 ) a 2  
+ (FllX" - FIX' - 1) = 0 (8 1 
As t h e r e  must e x i s t  an i n f i n i t y  of roo ts ,  a2, t hen  the  f o l l o w i n g  c o n d i t i o n s  
h o l d  : 





















Equat ion (11) i s  the  s o l u t i o n  one ob ta ins  by s e t t i n g  u2 = 06 = 0 and 
u1 = - X '  i n  Eq. ( 2 ) .  Th is  leads t o  the  r e s u l t s  shown i n  Eq. ( 3 )  f o r  F l  and 
F l l  as de r i ved  i n  Ref. 9. Equations (9 )  and (10) d e f i n e  c o n s t r a i n t  
c o n d i t i o n s  t h a t  must now be met by F,,, F,,, and F,,,. One may now proceed 
t o  use the  method o f  Lagrange m u l t i p l i e r s  t o  i nco rpo ra te  these ' s i d e  
c o n d i t i o n s '  i n  eva lua t i ng  the  least -squares best  f i t  curve t o  the  a v a i l a b l e  
t e s t  data. This i s  accomplished by fo rmu la t i ng  the  f o l l o w i n g  f u n c t i o n a l :  
where A 1 ,  A, are  Lagrangian m u l t i p l i e r s ,  
F l ,  F,, Fll, F2, a r e  determined by experiment (see Eq. (3) ) .  The 























6 c q i 2 a  aF - x  
aF112 i=l 
Resolv ing the  simultaneous equat ions (13)-(17) one can o b t a i n  F12, F112 and 
F122. Thus one can now cons t ruc t  a c losed cub ic  curve (Eq. ( 5 ) )  t h a t  
represents a 'best f i t '  to test  data .  
F i n a l l y  one should note t h a t  i f  'openness' o f  the  cub ic  curve (5 )  
occurs i n  a d i f f e r e n t  quadrant, then the same procedures can be app l i ed  by 
s u b s t i t u t i n g  d i f f e r e n t  values f o r  ul or u2 i n t o  Eq. ( 5 )  t o  o b t a i n  the  





















Cond i t i on  ( b )  - Eva lua t i on  o f  F166 and F266 
Closure of  the cubic f a i l u r e  sur face i s  dependent on the l o c a t i o n  o f  
the plane de f ined by 
F + 3 F  u + 3 F  = O  
66 166 1 266 2 
The image o f  Eq. (18)  i s  a l i n e  on the u1-u2 plane as i l l u s t r a t e d  i n  Fig. 1, 
where the shaded a r e a s  shown represent  the ' p o s i t i v e  s ide '  o f  the l i n e  (18) ,  
assuming F66 > 0, F16, < 0 and F266 < 0. I n  case (a )  a l l  po in t s  i n  the  
c losed reg ion  are s i t u a t e d  on the p o s i t i v e  s ide  and thus 662 > 0 (see 
Eq. ( 4 ) ) .  Because 46 = 0 on the boundary o f  the  c losed region, and the  
f u n c t i o n  de f ined by Eq. ( 4 )  i s  cont inuous, one can conclude t h a t  t he  cub ic  
f a i l u r e  sur face i s  closed. Case (b )  i s  opposi te  t o  (a )  i n  t h a t  f o r  every 
p o i n t  (ul, u2)  i n  the c losed reg ion,  one cannot o b t a i n  a rea l  value f o r  06. 
I n  t h i s  case, t he  f a i l u r e  sur face i s  open above and below the  closed reg ion  
shown i n  the  u1-u2 plane. Th is  p a r t i c u l a r  c i rcumstance cannot a c t u a l l y  
occur  because the  po in ts  (0, 0, +S) are l o c a t e d  on the f a i l u r e  surface. 
Case (c )  i s  more t y p i c a l  where a reg lon  of the  f a i l u r e  sur face (above the  
l i n e )  i s  open. As one approaches t h i s  l i n e  (Eq. ( l a ) ) ,  a6 -* 5 -. 
Consequently, one can de f i ne  the necessary c o n d i t i o n  f o r  c losu re  as: 
t h e  s t r a i g h t  l i n e  (18) must no t  ' i n t e r s e c t '  t h e  c losed cub ic  curve (5 )  
I n  general  , one can de r i ve  the  requ i red  c o n s t r a i n t  cond i t i ons  f o r  F166 
and F26, by making the s t r a i g h t  l i n e  (18)  tangent  t o  the  cubic curve (5). 
The coord ina tes  o f  the p o i n t  o f  i n t e r s e c t i o n  can be c a l c u l a t e d  f o r  these 
equat ions by f i r s t  s u b s t i t u t i n g  f o r  u2 ( f rom Eq. ( 1 8 ) )  i n t o  Eq. (5 )  t o  
o b t a i n  
2 2 2 
27(F122F166 - Fl12F166F266)u13 ' 9(F11F266 ' F22F166 - 2F12F166F266 
12 
- F66 1 12 266 ' 2F66F 1 22F 166 1'1 
2 2 
' 3(F66F122  - 2F12F66F266 + 2F22F66F166 - 3F2F166F266 ' 3F1F266)a1 
Because the  tangent i s  a ' l i m i t  p o i n t '  of the secant, then the  
ul-coordinate o f  the p o i n t  of tangency w i l l  correspond t o  the repeat  rea l  
r o o t s  of Eq. (19). Thus 
I 
I 
F22F662 - 3F2F66F266 - 9F2662 
Simp1 i f y i n g  Eq. (20) y i e l d s  the f o l l o w i n g  c o n s t r a i n t  c o n d i t l o n :  
27A202 - l 8ABCD + 4AC3 - 82C2 + 4830 x 0 
As i n  the  prev ious  ana lys is ,  one can use the  Lagrange m u l t i p l i e r  me 
where 
A 27(F122F1662- F112F166F266) 
9 ( F l l F 2 6 6 2  ' F22F1662 - 2F12F166F266 - F66F112F266 ' 2F66F122F166) 
= 3(F1F2662 - 3F2F166F266 ' 2F22F66F166 - 2F12F66F266 ' F662F122) 
( 2 1  1 
hod and 
o b t a i n  the  l e a s t  squares ' b e s t - f i t '  c losed f a i l u r e  surface. Assuming one 
h a s  ' n '  d a t a  s e t s  ( a l i ,  a 2 i ,  asi), ( 1  = 1, 2 ,  ... n ) ,  t h e  f o l l o w i n g  





















where A i s  a Lagrangian m u l t i p l i e r .  'F '  can reach an extreme va lue  o n l y  i f  
Thus one can o b t a i n  a s e t  o f  non l i nea r  simultaneous equat ions t h a t  w i l l  
y i e l d  a s o l u t i o n  f o r  F166 and F266. 
3. DERIVATION OF CLOSED FAILURE SURFACES 
Graphite/Epoxy: 3M SP288 - T300 
T h i s  m a t e r i a l  was f i r s t  s tud ied  i n  Refs. 1, 10, 11 where i t  ms found 
t h a t  the cub ic  f a i l u r e  sur face  was open i n  the compression-compression 
quadrant i n  the ul-u2 plane (see Fig.  2). The m a t e r i a l  p r o p e r t i e s  used to 
d e r i v e  t h i s  curve  are contained I n  Tables 2-5. It should be noted t h a t  no 
b i a x i a l  t e s t  data were used, and as a r e s u l t ,  t w o  asymptotes ( g i v e n  by Eq. 
(6b ) ,  ( 6 c ) )  were found t o  penet ra te  the f a i l u r e  curve, Eq. ( 5 ) .  B i a x i a l  
t e s t s  were then performed (see Table 6) and c losu re  o f  the curve  (Eq. ( 5 ) )  
was obtained, as i s  ev iden t  i n  Fig. 3. One can now see t h a t  a l l  t h ree  
asymptotes 1 i e  o u t s i d e  the f a i l u r e  plane. The corresponding mod i f i ed  
c o e f f i c i e n t s  F,,, Fl, and F1, a r e  given i n  Table 5. For comparison 





















t oge the r  w i t h  the quadra t ic  model which can be seen t o  s i g n i f i c a n t l y  
overes t imate  the f a i l u r e  s t resses i n  the compression-compression quadrant. 
Thus i t  would appear t h a t  a minimum o f  t h ree  b i a x i a l  t e s t s  i n  the u1-u2 
plane can be used t o  o b t a i n  a c losed f a i l u r e  curve. However, subsequent 
a n a l y s i s  (Ref. 3) using these C o e f f i c i e n t s  together  w i t h  F l 6 6  and F266,  as 
determined i n  Refs. 1, 2 ,  showed t h a t  the f a i l u r e  su r face  was 'open' i n  a 
l i m i t e d  reg ion  o f  6 6  va lues  (F ig .  5 ) .  It i s  i n t e r e s t i n g  t o  note t h a t  Eq. 
(18) passes th rough the  ' p o i n t s  o f  i n t e r s e c t i o n '  A and B ( i n  Fig. 5). Thus, 
i f  one v a r i e s  F l 6 6  and F266 ,  i n  the l i m i t i n g  case when A+B, Eq. (18) becomes 
the  tangent  p lane and c losu re  o f  t he  f a i l u r e  su r face  (Eq. ( 2 ) )  occurs. 
Closure i s  o n l y  guaranteed if one imposes the  c o n s t r a i n t  c o n d i t i o n ,  Eq. 
(22). To demonstrate t h i s ,  a d d i t i o n a l  f a i l u r e  t e s t s  were conducted w i t h  
61-06 and 62-66 l oad ing  (see Table 6 )  and new es t imates  f o r  F l 6 6  and F,,, 
made. Using these rev i sed  c o e f f i c i e n t s  (see Table 5 )  w i thou t  imposing the 
c o n s t r a i n t  c o n d i t i o n  l e d  to the r e s u l t s  shown i n  Figs. 6 and 7 (i.e., an 
open f a i l u r e  sur face) .  However, c l o s u r e  was ob ta ined enp loy ing  the same 
data  and s o l v i n g  fo r  Fl66 and F266 u s i n g  Eqs. (23) and (24). The r e s u l t s  o f  
t h i s  a n a l y s i s  a r e  presented i n  Figs. 8 and 9. Now one can see (Fig. 8) t h a t  
Eq. (18) i s  indeed a tangent  p lane t o  the f a i l u r e  c u r v e  (Eq. ( 5 ) )  and 
c l o s u r e  o f  t h e  complete f a i l u r e  sur ace (Eq. ( 2 ) )  was achieved (F ig.  9). 
F o r  c o m p a r i s o n  pu rposes ,  f a 1  u r e  t e s t s  were under taken  using (+e), 
l amina ted  tubes sub jec t  t o  i n t e r n a l  pressure load ing .  F igu re  10 presents  
t h e  t e s t  data ( repo r ted  i n  Ref. 6) and the p red ic ted  s t r e n g t h  curve  us ing 
the  c o e f f i c i e n t s  o f  Table 5 f o r  the  ' c losed '  surface. The agreement i s  v e r y  
good and fo r  most cases, t he  model i s  somewhat conserva t ive .  Once again, 
however, i t  i s  c l e a r l y  ev iden t  t h a t  the quadra t ic  c r i t e r i o n  i s  f a r  too 






















Graphi te/Epoxy: Hercules IM7/8551-7 
A new graphi te /epoxy m a t e r i a l  was i n v e s t i g a t e d  t o  determine i t s  e l a s t i c  
and s t r e n g t h  p roper t i es ,  t he  r e s u l t s  o f  which are  summarized i n  Tables 2 and 
3, respec t i ve l y .  The corresponding p r i n c i p a l  s t reng th  parameters a re  g iven 
i n  Table 4. As i n  the prev ious  case, a f i r s t  est imate o f  the  i n t e r a c t i o n  
s t r e n g t h  c o e f f i c i e n t s  was made based on the  t e s t  data i n  Table 8. Least  
squares a n a l y s i s  was used bu t  no c o n s t r a i n t  cond i t i ons  were appl ied.  The 
r e s u l t s  o f  these c a l c u l a t i o n s  are  presented i n  Table 5. It can be seen i n  
Fig. 11 t h a t  the ul-u2 curve  i s  c losed ( f o r  66 = 0) bu t  t h a t  the  s t r a i g h t  
l i n e  (18) does pass through the  f a i l u r e  reg ion.  Th is  o f  course leads t o  an 
open f a i l u r e  sur face  and indeed such i s  the case i n  Fig. 12 f o r  a range o f  
66 loading.  
However, if the c o n s t r a i n t  c o n d i t i o n  i s  imposed and F166, F266 
eva lua ted  accord ing t o  Eqs. (23) and ( 2 4 ) ,  one does ob ta in  a c losed f a i l u r e  
sur face.  Th is  i s  f i r s t  e v i d e n t  i n  Fig. 13 where the image o f  Eq. (18) i s  
now a tangent  t o  the  u1-u2 curve. One can a l s o  see i n  Fig. 14 t h a t  t h e  
f a i l u r e  p lane u2-66 i s  closed. F i n a l l y ,  a s e r i e s  o f  f a i l u r e  planes shown i n  
Fig. 15 c l e a r l y  demonstrate t h a t  the whole f a i l u r e  sur face i s  now closed. 
Note t h a t  i n  Figs. 13-15 some l i m i t e d  t e s t  r e s u l t s  a re  i nc luded  f o r  
comparison purposes, over  and above the  data employed t o  es t imate  t h e  
i n t e r a c t i o n  s t reng th  parameters. 
4. CONCLUSIONS 
An a n a l y t i c a l  method has been presented u t i 1  i t i n g  c o n s t r a i n t  c o n d i t i o n s  
t h a t  permi ts  one t o  c o n s t r u c t  a c losed cub ic  polynomial f a i l u r e  surface. 
The procedure i s  based on t h r e e  stages o f  t e s t i n g  and ana lys is :  
(1) Ca lcu la te  t h e  p r i n c i p a l  s t r e n g t h  parameters (F1, F, F, F22, F66) 





















( 2 )  Conduct b i a x i a l  l oad  t e s t s  ( 0 6  = 0) a t  a minimum o f  t h ree  d i f f e r e n t  
s t r e s s  l e v e l s  and evaluate the i n t e r a c t i o n  parameters (F,,, Fl12, F,,) 
i n  the  cub ic  f a i l u r e  equat ion ( 5 )  i n  the u1-u2 plane us ing  the  method 
o f  l e a s t  squares. I f  t h i s  f a i l u r e  curve i s  open, invoke c losu re  
cond i t i ons  descr ibed i n  t h i s  repo r t .  
Conduct combined load ing  t e s t s  i n v o l v i n g  shear s t r e s s  p r e f e r a b l y  a t  two 
d i f f e r e n t  s t r e s s  l e v e l s  and invoke the c losu re  c o n d i t i o n  (Eq. ( 2 2 ) )  
t o  eva lua te  F166 and F,,, us ing  Eqs. ( 2 3 ) ,  (24 ) .  
( 3 )  
Th is  r e p o r t  presents  c losed f a i l u r e  sur faces f o r  two d i f f e r e n t  
g raph i  t e lepoxy  m a t e r i a l s  using the methodology described. The a n a l y s t  and 
des igner  now have a v a i l a b l e  f o r  the f i r s t  t ime a c losed form of t he  cubic  
polynomial f a i l u r e  c r i t e r i o n .  
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Plane St ress  F a i l u r e  Model Tes t  Requirements* 
Fai  1 u r e  Model Test  Requirements 
Maximum St ress  0" tens ion,  compression 
o r  S t r a i n  90" tens ion,  compression 
(1) 0" o r  90" shear 
Q u a d r a t i c  Same as (1) w i t h  o p t i o n  t o  evaluate i n t e r a c t i o n  
o r  w i t h  b i a x i a l  t ens ion  t e s t  
(2 )  term F a n a l y t i c a l l y  ( u s i n g  "c losure"  c o n d i t i o n )  
Cubic Minimum requirements: 
( 3 )  m i a x i a l  load  t e s t s  (u l -u2)  + F 1 2 ,  F,,,, F,,, 
and F26f from c o n s t r a i n t  Eq. 
\22) and E q .  (2j6gased on 'shear '  t e s t  us ing  
e i t h e r  CI '66 o r  42-46 l oad ing .  
Preferabie:  
( 4 2 - 6 6 ) s  and so l v ing  Eqs. (23). (24) f o r  F166S 
b) Solve fo r  F 
(a) + two 'shear '  t e s t s  (al-46) and 
F266 
*These h o l d  f o r  an o r t h o t r o p i c  m a t e r i a l s  such as u n i d i r e c t i o n a l  prepreg o r  
woven ( o r t h o t r o p i c )  f a b r i c .  In the l a t t e r  case 0' and 90" r e f e r  t o  warp 
and f i l l  d i r e c t i o n s ,  respec t i ve l y .  
I 
I Table 2 
Graphi te/Epoxy Ma te r ia l  Proper t ies  
E l l  E22 G12 "12 















3M SP288-T300 141.35 9.65 4.10 0.260 
Hercules 
IM7/8551-7 162.03 8.34 2.07 0.339 
Table 3 
Summary o f  Average F a i l u r e  St rengths f o r  Graphi te/Epoxy Ma te r ia l s  
No . X X '  Y Y '  S=S'  
Mate r ia l  Tests MPa MPa MPa MPa MP a 
3M SP288 8 1279.92 f 7% 
-T300 4 876.25 t 10% 
-- - - I-- 
5 51.82 f 3% 
4 233.07 f 6% 
6 95.88 f 9% 
Hercules 5 2417.39 2% 
IM7/8551-7 5 1034.94 f 6% 
4 73.09 f 1% 
4 175.82 f 4% 
4 183.41 f 10% 
Note: % v a r i a t i o n  shown denotes maximun i n  number o f  samples tested. 
Table 4 
Summary o f  P r i n c i p a l  S t rength  Parameters 
F l  F l l  F2 F22 F6 F66 
Mat e r i a1 (MPa)'l (MPa)'2 (MPa)'l (MPa)'2 (MPa)'l (MPa)'2 
3M SP288 
-T 300 -3 . 600x10'4 8.917~10'7 1 . Solx 10-2 8 .279~  1 0 4  0 1 . 0 8 8 ~ 1 0 ' ~  
Hercules 





















Sumnarv o f  I n t e r a c t i o n  St renath  Parameters 
- -  
F12 F112 F122  F166 F266 
Mater i  a1 (MPa)'2 (MPa)'3 (MPa)'3 ( MPa)'3 (MPa)'3 
3M SP288-T300 
O r i g i n a l  
Es t .  (Refs. -9.306~10-6 1 . 5 7 7 ~ 1 0 - ~  - 1 . 8 2 6 ~ 1 0 ' ~  - 1 . 2 3 7 ~ 1 0 ' ~  -6 .919~10 '~  
1 , l O , l l )  
Revi sed 
(Ref. 2) - 4 . 6 9 7 ~ 1 0 - ~  - 8 . 8 4 1 ~ 1 0 ' ~ ~  -1 .549~10 '~  - 1 . 2 7 2 ~ 1 0 ' ~  -3 .130~10 '~  
Revi sed* -4.697~10-6 -8.841~10-lO -1 . 549x10'8 -7.090~10'9 -7.032~10'7 
C1 osed 
Eqs. (23,24) - 4 . 6 9 7 ~ 1 0 - ~  - 8 . 8 4 1 ~ 1 0 " ~  -1 .549~10 '~  6 * 1 4 7 ~ 1 0 - ~  -5 .415~10 '~  
Hercules IM7/8551-7 
F i r s t  Es t  .** 8.412~10'7 -1.243~10'9 1 . 6 2 7 ~ 1 0 ' ~  4.939~10'8 4.482~10'8 
Cl osed 
EqS (23,24) 8.41 2 ~ 1 0 ' ~  -1 . 2 4 3 ~ 1 0 ' ~  1 . 627x10'' 9 . 250~10'' 1 . 897x10'7 
*F166, F266 est imated from t e s t  data i n  Table 6 (no c o n s t r a i n t  c o n d i t i o n s  



















! I  
T a b l e  6 
Summary of Test  Data  Used t o  Eva luate  In ,e rac t ion  Parameters f o r  
3M SP288-T300 
Laminate 
Test  01 42 ‘6 
Condi t ion MPa MPa MP a 
90 O Canpression-torsion* 0 -81 . 278 80.637 
90 O Cmpression- tors ion*  0 -43.280 83.912 
O 0  Tensi  on- t o r  s i  on* 66 . 623 0 101 . 246 
O 0  Tens i on- t o r s  i on* 61.611 0 98.061 
90 O I n t e r n a l  pressure 
-ax i  a1 canpressi on* 160,8 -120.663 0 
O 0  Tension- t en s i on* 187 . 2 48.265 0 
O0 B i  ax1 a1 -cross -184 , 7 -77.914 0 
(Ref, 2 )  




























Press u r e- com pre s s i on 
Pressure-compression 
T o r s i  on- ten  s i  on 
To rs i  on-canpressi on 
Torsion-canpression 
T o r s i  on-cmpress i  on 
T o r s i  on- t e n  s i  on 
137.90 




































185 . 48 
177.20 
*These r e s u l t s  were used f o r  c a p a r i s o n  purposes and no t  fo r  c a l c u l a t i n g  
I n t e r a c t  i o n  s t r e n g t h  parameters. 




















1 Geometry o 
Table 8 
IM7/8551-7 Test  Specimens 
Length Width Radius Thickness 
Test Specimen (cm) ( cm) ( cm) ( cm) 
0" Tension C 15.24 1.27 - 0.0559 (4 P l y )  
90' Tension C 15.24 2.54 - 0.2301 (16 p l y )  
90" Compression C 1.59 2.54 - 0.2253 (16 p l y )  
90" Torsion* T 10.16 - 2.55 0.0523 (4 Ply )  
0" Torsion** T 10.16 - 2.56 0.0785 (6 Ply )  
0" Compression C 1.59 1.27 - 0.1745 (12 p l y )  
~ ~~ 
C = coupon, T = tube 
c m p r e s s i  on- pressure) 
*Same nominal geometry f o r  combined t e s t s  (e.g. ,  tors ion- tension,  








































oi ( M P d  2 x 6.9 Cl = 1.511 GPa 
ASYMPTOTE 
EO. (sa) 
Q2 = - 188.2 MP( 
I 
0 Ta8t Dot0 
I I I 
-70 -60 -50 -40 
c 
u 
Fig. 2 Penetration of q -a, Failure Curve by Asymptotes 
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Fig. 5 Failure Surface Contours for Varying c6 
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500. 
Tubes Under Internal Pressure Loading 
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X For Calculating 
Parameters 
0 For Comparison 
0 = O ( M P a )  
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I Fig. 15 Closed Failure Surface for Graphite/ Epoxy ( Hercules IM7/8551-7 1 
